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Abstract. In this paper, we have constrained the neutrino mass and mass hierarchy in the
ΛCDM cosmology with the neutrino mass hierarchy parameter ∆, which represents different
mass orderings, by using the Planck 2015 + BAO + SN + H0 data set, together with the
neutrino oscillation and neutrinoless double beta decay data. We find that the mass of
the lightest neutrinos and the total neutrino mass are no more than 0.035eV and 0.133eV
at 95% confidence level, respectively. Comparing the result of our joint analysis with that
obtained using cosmological data alone, we find that, by adding the neutrino oscillation and
neutrinoless double beta decay data, the tendency for normal hierarchy has increased a lot.
By means of importance sampling, three other priors are taken into account, i.e., the flat
logarithmic prior on the absolute value of the neutrino hierarchy parameter ∆, the flat linear
prior on the total neutrino mass Σmν , and the flat logarithmic prior on Σmν . We find that
the preference for the normal hierarchy is in agreement whatever what kinds of priors we
choose. Finally, we make a Bayesian model analysis about four priors and we find that
flat-linear and the flat logarithmic priors on Σmν are the most favored priors.
1Corresponding author.
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1 Introduction
Modern neutrino oscillation experiments have confirmed that neutrinos have masses, and the
solar and atmospheric neutrino experiments suggest that there are at least two of neutrinos
mass eigenstates are non-zero. This implies the first departure from the Standard Model
of Particle Physics. Science the neutrino oscillation experiments are only sensitive to the
squared mass differences, scientists can only confirm that ∆m221 = m
2
2−m
2
1 > 0 and |∆m
2
31| =
|m23 −m
2
1| > 0, where mi is the three mass eigenstates [1–4]. Until now, the sign of ∆m
2
31
is still unknown, this lead to two possible orderings of neutrino masses, i.e. the normal
hierarchy (NH), which means m231 > 0 and m1 < m2 < m3; and the inverted hierarchy (IH),
which means m231 < 0 and m3 < m1 < m2 [5]. Though the future terrestrial experiments,
which are designed to exploit the matter effects in Earth, will be dedicated to figure out
the sign of ∆m231 by using long baseline accelerators [6] and atmospheric experiments [7, 8],
the cosmological observations can shed light on determining the absolute values of neutrino
masses due to the gravity is much sensitive to the mass distribution.
The relic neutrino have significance effects on the cosmological evolution, both at back-
ground and perturbation level, so that cosmological observations can be used to constrain
the neutrino properties, in particular their masses (see [9–16] for detail). The absolute mass
of neutrinos can be determined by observing the cosmic microwave background radiation
and large-scale structure. Using the cosmic microwave background (CMB) data alone, au-
thors in [17] find that
∑
mν < 0.7 eV (95%C.L.). This limit has been brought down to∑
mν < 0.17eV (95%C.L.) by adopting the combination of Planck2015 TT,TE,EE+lowP
and baryon acoustic oscillation (BAO) data [18]. The latest data published by Planck2018
[19] shows that the maximum sum of neutrino masses is Σmν < 0.24eV (95%confidence,
TT,TE,EE+lowE+lensing). And the measurements of the CMB anisotropies together with
the BAO (Planck2018 TT,TE,EE+lowE+lensing+BAO) find that the neutrino mass is
tightly constrained to
∑
mν < 0.12 eV [19], which is very close to the lower limit of the total
neutrino mass in IH case. Next-generation CMB and large scale surveys will significantly
tighten the present cosmological limit on
∑
mν [20, 21] and will likely have the capability to
figure out the mass ordering.
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In Refs. [22, 23], the authors present a full Bayesian analysis utilizing the combination
of current neutrino oscillation, neutrinoless double beta decay and Cosmic Microwave Back-
ground observations, and find that they only moderately favor the normal ordering. Authors
in Refs. [24] propose a neutrino mass hierarchy parameter and find that the normal hierar-
chy is slightly favoured by using the data combination Planck 2105 LowTEB, TT, TE, EE
+ BAO DR12 + JLA SN + HST 2016.
Another way used to determine the absolute mass of the neutrino comes from accurately
measuring the tritium β decay spectrum. Tritium decay of β (31H →
3
2 He + e + ν¯e) in the
process of final state to obtain the biggest kinetic energy electron neutrino absolute quality.
By accurately measuring the energy spectrum of the electron, we can observe the kinematic
effects of the mass of the neutrino. The upper limit of the effective mass of neutrinos given
in the current experiment is 2.2eV (95%C.L.)[25, 26], and the accuracy of the forthcoming
KATRIN experiment can reach 0.2eV[27]. Neutrinoless double beta decay is a hypothet-
ical nuclear process beyond the Standard Model in which two neutrons undergo β decay
simultaneously without the emission of neutrinos and the total lepton number is violated by
two units [28]. Observation of this decay would probe whether neutrino is Majorana parti-
cle and provide us with precious information on the neutrino mass scale and ordering [29].
Next-generation experiments of neutrinoless beta decay could have the potential to solve the
hierarchy pattern [30, 31].
Following the method raised from [22, 23], in oue paper, we will use global observational
data, which include data from several cosmic observational measurements, the neutrino os-
cillation experiments and neutrinoless double beta decay, to constraint neutrino mass and
mass hierarchy. The rest of the paper is organized as follows. In section 2, we will describe
the methodology and parametrizations we use in this paper. In section 3, we will report
our results and make some discussions in depth about the fitting results. Finally, a brief
summary will be presented in section 4. In Appendix A, we will present the details of exper-
imental constraints, which include neutrino oscillation, neutrinoless double beta decay and
cosmological data.
2 Method and data
The baseline model that we will extend to study various neutrinos properties is the ΛCDM
model, described by the six usual parameters, and we add one hierarchy parameter:
{ωb, ωc, 100θMC , τ, ns, ln[10
10As],∆}, (2.1)
where ωb = Ωbh
2 and ωc = Ωch
2 are the present-day baryon and cold dark matter energy
densities respectively, θMC is the ratio between the sound horizon and the angular diameter
distance at the time of last-scattering, τ is the Thomson scattering optical depth due to the
reionization, ns is the spectral index of scalar power spectrum and As is the amplitude of the
power spectrum of primordial curvature perturbations, and ∆ = m3−m1m1+m3 is the dimensionless
neutrino mass hierarchy parameter proposed by Ref.[24]
The introduction of hierarchy parameter can save a lot of computing resources and the
sign of the hierarchy parameter can directly indicate the condition of the ordering, where the
positive sign denotes the normal mass hierarchy and negative sign denotes the inverted mass
hierarchy [32]. Using the hierarchy parameter ∆, the three neutrino mass eigenvalues can be
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Cosmological 0νββ Neutrino mixing
Parameter Prior Parameter Prior Parameter Prior
Ωbh
2 0.019 – 0.025 α2 0 – 2pi sin
2 θ12 0.1 – 0.6
Ωch
2 0.095 – 0.145 α3 0 – 2pi sin
2 θ13 0.00 – 0.06
Θs 1.03 – 1.05 M
0ν
76Ge
4.07 – 4.87 sin2 θ23 0.25 – 0.75
τ 0.01 – 0.4 M0ν136Xe 2.74 – 3.45 ∆m
2
21[10
−3eV2] 0.001 – 1
ns 0.885 – 1.04 ∆m
2
31[10
−3eV2](NH) 0.2 – 7
ln[1010As] 2.5 – 3.7 ∆m
2
32[10
−3eV2](IH) -7 – -0.2
∆ -1 – 1
Table 1. Cosmological parameters, 0νββ parameters and neutrino mixing angles used in the analysis,
with the adopted priors.
rewritten as following:
m1 =
1−∆
2
√∣∣∣∣∆m231∆
∣∣∣∣, (2.2)
m2 =
√
(1−∆)2
4
∣∣∣∣∆m231∆
∣∣∣∣+∆m221, (2.3)
m3 =
1 +∆
2
√∣∣∣∣∆m231∆
∣∣∣∣. (2.4)
And the total neutrino mass will be given by
∑
mν =
√∣∣∣∣∆m231∆
∣∣∣∣+
√
(1−∆)2
4
∣∣∣∣∆m231∆
∣∣∣∣+∆m221. (2.5)
The standard neutrino oscillations indicate that the neutrino flavour eigenstates να
(α = e, µ, τ) are quantum superpositions of three mass eigenstates mi through a unitary
matrix Uαi, which are called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix :
|να〉 =
∑
i
U∗αi|νi〉, (2.6)
where Uαi can be parameterized by three mixing angles(θ12, θ23, θ13), one Dirac CP violating
phase (δ) and two Majorana phases (α21, α31) [10]. Oscillation phenomena are insensitive
to the two Majorana phases, meanwhile, the CP violating phase have not been strongly
constrained in the neutrino oscillation measurements and it does not affect cosmological or
0νββ observation, so in the neutrino oscillations we only consider three mixing angles and use
them as physical parameters in the form sin2 θ12, sin
2 θ13, and sin
2 θ23 [33]. The probablity
of neutrino oscillations always depends on ∆m2, i.e. on the squared mass difference, so we
also take ∆m221, ∆m
2
31 (NH) and ∆m
2
32(IH) into account.
The actual parameter measured in any neutrinoless double beta decay experiment is
the half-life T 0ν
1/2, which is associated with the effective Majorana mass,
1
T 0ν
1/2
= G0ν
∣∣M0ν∣∣2 ( |mββ|
me
)2
, (2.7)
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and the effective Majorana mass is related to the neutrino mass eigenvalues
mββ =
∣∣∣∣∣
∑
k
eiαk U2PMNS,ekmk
∣∣∣∣∣ , (2.8)
where G0ν is a phase-space factor dependent on the charge, mass and available energy of
the process, and we adopt the value 0.623 × 10−14 yr−1 for 76G0ν and 4.31 × 10
−14 yr−1 for
136G0ν [34], me is the electron mass. M
0ν is the nuclear matrix element(NME), following
the reference [35], we adopt the range [4.07,4.87] for 76Ge and [2.74,3.45] for 136Xe. αk
(k = 1, 2, 3) are the Majorana phases. One of the phases can always be rotated away so
we can assume that α1 = 0 by convention. The neutrino Majorana phases play no role in
neutrino oscillation process, however, they are crucial for 0νββ experiments. Following works
[31, 36], we adopt flat prior in the range [0, 2pi] for the Majorana phases α2 and α3.
We constrain the neutrino mass and mass hierarchy in the ΛCDM cosmology model
with the neutrino mass hierarchy parameter ∆ by using all the Planck 2015 + BAO + SN
+ H0 data, together with the global fit of neutrino oscillation and neutrinoless double beta
decay, and we have taken the the likelihood of aforementioned data as the part of the global
likehood function L ∝ e−χ
2/2, then we can get χ2
χ2global = χ
2
cosmos + χ
2
osc + χ
2
0νββ, (2.9)
where the seperate likehoods of the current cosmological datasets, neutrino oscillation and
0νββ used in this paper are shown in the Appendix A. All adopted parameters prior ranges
are listed in Table. 1. Our constraints are based on the Monte Carlo Markov Chain package
CosmoMC [37, 38], and we have generated 8 MCMC chains.
To measure a model’s performance, the Bayesian evidence is always mentioned. For a
continuous parameter space ΩM and aimed model M, the Bayesian evidence is given by:
p(d | M) =
∫
ΩM
p(d | θ,M)p(θ | M)dθ, (2.10)
where d is the datasets, θ is a set of parameters, p(d | θ,M) is the likelihood, and p(θ | M)
is the prior. By using Bayes’ theorem, the model posterior probability is given by
p(M | d) ∝ p(M)p(d | M), (2.11)
where p(M) is the prior probability and related to the model itself. When we compare two
models, they have identical prior probability p(M1) = p(M2), and the ratio of the posterior
probability can be written as
p(M1 | d)
p(M2 | d)
= B12
p(M1)
p(M2)
, (2.12)
where B12 is the Bayes factor and it represents the ratio of the evidence of two models:
B12 =
p(d | M1)
p(d | M2)
. (2.13)
Bayes factors are usually interpreted against the Jeffrey’s scale for the strength of
evidence [39], |lnB12| < 1 is regarded as inclusive, |lnB12| ∈ [1.0, 2.5] is weak evidence,
|lnB12| ∈ [2.5, 5.0] is moderate evidence, and |lnB12| > 5.0 is strong evidence.
– 4 –
Parameters mean with errors
sin2 θ12 0.308
+0.012+0.025+0.033
−0.012−0.023−0.030
sin2 θ13 0.0220
+0.0008+0.0016+0.0021
−0.0008−0.0015−0.0019
sin2 θ23 0.520
+0.050+0.081+0.094
−0.050−0.089−0.10
∆ ∆ > 0.211(95%C.L.)
∆m221[10
−5eV2] 7.40+0.21+0.41+0.55−0.21−0.41−0.54
∆m231[10
−3eV2](NH) 2.547+0.005+0.050−0.069−0.11 ∆m
2
31 > 2.40
mν,mineV mν,min < 0.035(95%C.L.)
ΣνmνeV 0.082
+0.004+0.051+0.093
−0.024−0.025−0.025
Table 2. Fitting results of based and derived parameters from the constraint of the data combination
cosmological+neutrino oscillation+0νββ.
The computation of the Bayesian evidence can take advantage of the MCMC chains to
extract the parameters space of all kinds of datasets, and we use the code MCEvidence1
to calculate the Bayesian evidence for different models [40].
3 Results and Analysis
Our constraint results are summarized in Table. 1 and Fig. 1. The fitting results of basic
and derived parameters from the constraint of the data combination cosmological+neutrino
oscillation+0νββ are shown in Table. 1. Specially, from Table. 1, one can find that Σmν =
0.082+0.004−0.024eV, which is less than the minimal value of the total neutrino masses in IH case,
suggesting IH case is ruled out.
Fig. 1 displays the joint, marginalized constraints from cosmological data (blue) and
cosmological data [24] + neutrino oscillation + 0νββ (red). The 68%C.L. and 95% C.L.
contours for the interested parameters are shown. We find that, in both situations, ∆ = 0 are
strongly disfavored. When only using cosmological data, there are two peaks in the posterior
distribution of hierarchy parameter, and the posterior at ∆ > 0 is a little higher than ∆ < 0,
which means NH is just slightly or weakly favoured than IH. While using cosmological data
+ neutrino oscillation+0νββ, most of the posterior distribution of hierarchy parameter falls
into the ∆ > 0 ranges, and a little in the ∆ < 0 intervals, which indicates that NH is evidently
favoured in our results. Under our method, the combination of cosmological observational
data with neutrino oscillation and neutrinoless double beta decay data is intensely favour
normal hierarchy.
Since ∆ covers the posibilities of both NH and IH, one can clearly find that there are
two peaks of Σνmν when using cosmological data, but only one peak when using global data.
The sum of total neutrino masses Σνmν at 95% confidence level is no more than 0.147eV
and 0.133eV for cosmological data and global data , respectively. And the upper limit of the
lightest neutrino mass mν,min are 0.0341eV, 0.0346eV for cosmological data and global data
at 95% confidence level. The one-dimensional posterior distributions of mixing angles and
squared mass differences are shown in Fig. 2. Comparing to the results of reference [23], which
provides Bayesian anlasis results on the neutrino mixing parameters from the global dataset
including the Planck2015 CMB data, neutrino oscillation and neutrinoless double beta decay
data, we see that our constraint on the mixing angles and squareed mass differences are
1https://github.com/yabebalFantaye/MCEvidence
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consistent with their NH case results. However, the different is that our method gives a more
smaller value of Σmν , which suggest NH case is prefered. Recent global fits to data from the
latest neutrino oscillation experiments, which obtained constraints two different mass squared
splittings: ∆m221 ≈ 7.39
+0.21
−0.20× 10
−5 eV2, |∆m231| ≈ 2.525
+0.033
−0.031 × 10
−3 eV2(1σ C.L.)[41]. Our
results, which ∆m221 ≈ 7.40
+0.21
−0.21 × 10
−5 eV2,∆m231(NH)≈ 2.547
+0.005
−0.069 × 10
−3 eV2(1σ C.L.),
are in accordance with them constraint results in the two neutrino mixing parameter.
−0.4 0.0 0.4
Δ
0.3
0.33
Ω m
0.03
0.06
m
ν,
m
in
0.05
0.1
0.15
0.2
Σ ν
m
ν
66.4 67.2 68.0 68.8 69.6
H0
−0.4
0
0.4
Δ
0.30 0.33
Ωm
0.03 0.06
mν,min
0.05 0.10 0.15 0.20
Σνmν
cosmological+neutrinoΔosc+0νββ
cosmological
Figure 1. The one-dimensional and two-dimensional joint, marginalized constraints from cosmo-
logical data (blue) and cosmological data + neutrino oscillation + 0νββ (red) for the relevant mass
parameters with 68% and 95% confidence level.
Due to the different priors may have a great influence on constraining the upper limit of
the total neutrino mass [23]. Now, we will compare the influences of different priors on ∆ by
means of importance sampling technique. Consider three kinds of priors: the flat logarithmic
prior on the absolute value of the neutrino hierarchy parameter ∆, the flat linear prior on
the total neutrino mass Σmν , and the flat logarithmic prior on Σmν . The complete list of
priors is reported in Table. 3 [32].
Fig. 3 shows the different importance sampling results for different priors. We can see
that NH is favored in all the four priors. Values of the logarithm of Beyesian factor for
different priors and for the difference between the three new priors case and flat linear priors
on ∆ are shown in Table. 4. Adopting the Beyesian model anlysis, we know that flat linear
prior on ∆ and the flat logarithmic prior on Σmν are the most preferred prior. Similar to
– 6 –
2.6 2.8 3.0 3.2 3.4 3.6
10sin2θ12
1.95 2.10 2.25 2.40
102sin2θ13
4.2 4.8 5.4 6.0
10sin2θ23
6.8 7.2 7.6 8.0
105Δm221ev2
2.40 2.48 2.56 2.64
103Δm231ev2
−6 −4 −2 0
103Δm232ev2
Figure 2. The one-dimensional marginalized distribution for the relevant mixing angles(up) and for
the squared mass differences (down).
Parameters Prior Range Corresponding Prior on ∆
|∆| logarithmic [10−4, 1] ∝ 1/|∆|
Σmν eV linear [Σ, 7.50] ∝ |dΣmν/d∆|
Σmν eV logarithmic [Σ, 7.50] ∝
|dΣmν/d∆|
Σmν
Table 3. Three kinds of priors, where Σ = 0.06eV and 0.01 eV for NH and IH, respectively.
the results in Ref.[32], priors can change the limits of the sum of neutrino mass, but have
little influence on other parameters irrelevant to the neutrino masses.
−0.8 −0.4 0.0 0.4 0.8
Δ
P
flat log sum sumΔlog
Figure 3. Different importance sampling results for different priors. The balck-solid line is for flat-
linear ∆ prior, red-dashed line is for the flat-log ∆ prior, blue-dashed line is for the flat-linear Σm
prior, and green-dashed line is for the flat-log Σm prior.
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Prior lnB ∆ lnBij
flat-linear ∆ -6920.08 0.00
flat-log ∆ -6922.42 -2.34
flat-linear Σm -6922.37 -2.29
flat-log Σm -6920.08 0.00
Table 4. Values of the logarithm of Beyesian factor for different priors and for the difference between
the three priors and flat linear priors ∆.
4 Conclusion
In this paper, one available parameter ∆ is adopted to measure the neutrino mass ordering,
the positive sign of which represents the normal hierarchy and the negative sign represents
the inverted hierarchy. We use global observational data, which include cosmology, neu-
trino oscillation and neutrinoless double beta decay, to constraint neutrino mass and mass
hierarchy. By comparing about the lightest neutrino mass, the sum of neutrino masses and
hierarchy parameter between the results of cosmological data alone and cosmological data +
neutrino oscillation +0νββ, we find most of the posterior distribution of hierarchy parameter
falls into the ∆ > 0 ranges, and a little in the ∆ < 0 intervals, which means NH is pre-
ferred than IH by the global data and ∆ = 0 is also strongly disfavored. On another hand,
Σmν = 0.082
+0.004
−0.024eV, which is less than the minimal value of the total neutrino masses in
IH case, suggests IH case is ruled out. For the neutrino mass, the lightest neutrino mass is no
more than 0.035eV and the sum of neutrino mass is no more than 0.133eV at 95% confidence
level. Under our method, the combination of cosmological data + neutrino oscillation +0νββ
data is strongly favour normal hierarchy. And our constraints results on the neutrino mixing
parameters are tighter than the results of reference [42], and consistent with the result of
which use a global dataset includes the Planck2015 CMB data, neutrino oscillation and neu-
trinoless double beta decay data [23] by Beyasian analysis. We also compare the influence of
different ∆ priors on all the free parameters we considered by adopting importance sampling
technique. The three different priors we considered in this paper are the flat logarithmic prior
on the absolute value of the neutrino hierarchy parameter ∆, the flat linear prior on the total
neutrino mass Σmν , and the flat logarithmic prior on Σmν. The results show that the priors
do not change the preference for the NH. Finally, by using the publicly available Beyesian
model analysis code MCEvidence, we calculated the Bayes factor of different priors using
our MCMC sampling chains, the Bayes factor shows that flat linear prior on ∆ and the flat
logarithmic prior on Σmν are the most preferred priors.
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A global data
A.1 neutrinoless double beta decay data
The likelihood of neutrinoless double beta decay is following the reference [22, 23], the
GERDA [43], KamLAND-Zen [30] and EXO-200 [44] experiments are taken into account:
χ20νββ, GERDA(T
Ge
1/2) =
(1/TGe
1/2 + 1.48)
2
0.4612
, (A.1)
χ20νββ, KamLAND−Zen phase I(T
Xe
1/2) = 2×
(
2.3/TXe1/2 + 1.09/(T
Xe
1/2)
2
)
, (A.2)
χ20νββ, KamLAND−Zen phase II(T
Xe
1/2) = 2×
(
9.71/TXe1/2 + 28.1/(T
Xe
1/2)
2
)
, (A.3)
χ20νββ, EXO(T
Xe
1/2) =
(1/TXe
1/2 − 0.32)
2
0.302
, (A.4)
χ20νββ =
∑
i
χ20νββ,i . (A.5)
All the parametrizations have been cross-checked by the experimental collaborations,
and the half-life time of neutrinoless double beta decay are given in units of 1025 years.
A.2 neutrino oscillation
Considering the parameters, in our calculations, we can divide the total neutrino oscillation
likelihood function Losc ∝ e
−χ2/2 into five parts, then we get the χ2
χ2osc = χ
2
sin2 θ12
+ χ2
sin2 θ13
+ χ2
sin2 θ23
+ χ2log10∆m221
+ χ2
∆m2
31
(A.6)
We use the latest neutrino oscillation global fit results v3.1, which are taken from
nu-fit.org. [45]. Results from solar experiments include the updated external information
of the new generation of standard solar models [46], the total rate from the radiochemical
experiments Chlorine [47], Gallex/GNO [48] and SAGE [49], the data of the four phases of
Super-KamLAND presented in [50–54], the results of SNO combinaed analysis [55], Phase-
I and Phase-IIof Borexino [56–58]. In the analysis of atmospheric data, the atmospheric
neutrino fluxes of external information data [59] and the results of IceCube/DeepCore [60, 61]
are included. Results from the reactor experiments include the updated data of KamLAND
[62] with Daya-Bay [63], Double-Chooz [64], Daya-Bay [65] and RENO [66]. For the analysis
of accelerator experiments, we include the final energy distribution events from MINOS
[67, 68], in νµ and ν¯µ disappearance and νµ and ν¯µ appearance channels, as well as from
updated T2K [69] in the same four channels and NOνA [70] in νµ disappearance and νe
appearance channels.
A.3 cosmological data
The cosmological constraints are obtained from the publicly available Monte-Carlo Markov-
Chain package CosmoMC [37, 38], with a convergence diagnostic based on the Gelman and
Rubin statistic, which implements an efficient sampling of the posterior distribution using
the fast/slow parameter decorrelations [71], and that includes the support for the Planck
data release 2015 Likelihood Code [72]. The observational data sets we use in this work are
composed of CMB, BAO, SN and H0.
– 9 –
• The CMB data: the CMB measurements include the full Planck 2015 data release
of LowTEB, TT temperature spectrum, EE and TE polarization spectra at whole
multiples, provided by the Planck collaboration [72].
• The BAO data: we use the BAO measurements from from 6dFGS [73], SDSS MGS
[74], CMASS and LOWZ samples of BOSS DR12 [75], and also the RSD data from the
CMASS and LOWZ [75];
• The SN data: for the type Ia supernova observation, we adopt the ”Joint Light-curve
Analysis”(JLA) sample [76];
• TheH0 data: we employ the result of Riess et al., which is confirmed and improved from
their former determination, with the measurement valueH0 = 73.03±1.79kms
−1Mpc−1
[77].
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